In the article we construct low-rate non-split toric q-ary codes on some singular surfaces. More precisely, we consider non-split toric cubic and quartic del Pezzo surfaces, whose singular points are F q -conjugate. Our codes turn out to be BCH ones with sufficiently large minimum distance d. Indeed, we prove that
Introduction
This article continues our first one [15] about non-split toric codes, i.e., algebraic geometry (AG) codes [22] on non-split toric varieties [8] over a finite field F q . It is wonderful circumstance that most of these codes are (simple-root) cyclic [18, Ch. 7] . Therefore they have more chances to be used in practice than other algebraic geometry codes on high-dimensional varieties. In [15] we assume everywhere that toric varieties are smooth, however there are no any obstacles to consider non-split toric codes on singular ones.
There is the well known classification of toric (possibly singular) del Pezzo surfaces [6] . They bijectively correspond (up to an equivalence) to so-called reflexive polygons [8, §8.3] . There are exactly 16 such polygons [8, Th. 8.3.7] , but only 5 of them (see Figure 1 and Table 1 ) are quite symmetric, i.e., have an integral action of order greater than 2. The last condition seems to be necessary for constructing good non-split toric codes.
Non-split toric codes C 6 , C 8 , C 9 (Tables 3 and 4 ) associated with such the smooth polygons (i.e., P ol 6 , P ol 8 , P ol 9 ) have already been considered, for example, in [15, §2.3] (also see [4, §4.2]), [7, Prop. 4.7] , and [17, §2] respectively. The other polygons P ol 3 , P ol 4 correspond to some singular cubic ( §1.1) and quartic ( §1.2) del Pezzo surfaces respectively. As far as we know, algebraic geometry codes C 3 , C 4 (Tables 3 and 4 ) on the given surfaces have not been studied yet. However, AG codes on some smooth cubic and quartic del Pezzo surfaces are represented in [4, §6] , [5] , [19, §4.1, §5.1], and [25] . It is immediately checked that all reflexive polygons having an action of order greater than 2 are represented in Figure 1 . The corresponding non-split toric del Pezzo surfaces (with some additional information) are contained in Table 1 . For a polygon P ol i the index i is the amount of integral points on its boundary. It is notable that all the five surfaces have Picard F q -number 1. 
Toric (singular) cubic surface in P 3
Choose an element α ∈ F q 3 \ F q and consider the so-called norm cubic F q -surface
For i ∈ Z/3 let
where pr : S 3 → P 2 (x 0 :x 1 :x 2 ) is the well-defined projection of degree 3. Finally, let
Remark 1. The surface S 3 is toric with respect to the torus T 3 ≃ S 3 \ {x 3 = 0} (see [15, Th. 8] ) and the lines L i (resp. P i ) are unique T 3 -invariant (F q -conjugate) curves (resp. points) on S 3 .
Lemma 4 ([10, Table 7 ]). We have: Table 7 ]). We have:
1. S 3 is the unique (up to an F q -isomorphism) toric del Pezzo surface of degree 3 with respect to the torus T 3 ;
2. S 3 is the non-split toric surface associated with the pair (P ol 3 , Φ t 3 );
3. S 3 is the so-called fake projective plane [14, Exam. 1.2], i.e., the quotient P 2 /σ under a transformation σ ∈ PGL(3, F q ), whose fixed point set is P 3 ;
4. S ′ 3 is the blowing up of the del Pezzo surface D 3 of degree 6 [15, §2.5] at one Q 3 of the two triples of F q -conjugate T 3 -invariant points.
Proof. All statements can be found in the references, except that the action Φ t 3 on the polygon P ol 3 is unique of order 3 (up to a conjugation in Aut(P ol 3 ) ≃ S 3 ). This fact is necessary in order to correctly pass from the split torus case (in those references) to that of T 3 .
From [15, Th. 14] or one of Statements 3.3, 3.4 it follows that the Picard F q -number of S 3 is equal to 1. Since the Fano index of S 3 is also 1, we get
According to Statement 3.4 we have the diagram
where bl Q 3 , bl P 3 are the corresponding blowing up maps. Besides, let
Repeating the arguments used for the proof of [15, Lemma 7], we obtain Corollary 1. The anticanonical linear system of S 3 is equal to
is the (incomplete) linear system of all (possibly reducible or singular) F q -cubics C ⊂ P 2 passing through P 3 such that L i is a tangent of C at P i+1 (resp. P i+2 for another triple Q 3 ).
There is almost obvious
is an elliptic curve if and only if C is an elliptic one. Moreover, in this case ϕ : D → C is an isomorphism. Lemma 6. Let E ∈ L be an elliptic F q -curve and O ∈ E(F q 3 ) be some its flex, which, as is known, always exists over F q 3 (for details see [13, Ch. 11] ). Then P i are points of order 9 (with respect to O as the neutral element of the chord-tangent group law on E) such that
Proof. By definition,
The points P i are of order 9, otherwise they would be equal.
Proof. By Remark 2 we are in the conditions of the previous lemma, i.e., up to an F qisomorphism E ∈ L. This curve has the group structure with respect to any point
, this is true for p = 3), then obviously y 0 ∈ F q and all is proved. Otherwise the 3-division polynomial ψ 3 (of degree 4) has exactly two F q -irreducible factors, namely the F q -minimal (cubic) polynomial of x 0 and x − x 1 for some [3] for an appropriate y 1 .
Finally, carefully analyzing small values q, we get
where the number N q (1) is given in Theorem 10.
Toric (singular) intersection of two quadrics in P 4
Let us fist suppose that p > 2. Choose quadratic non-residues b ∈ F q and a := a 0 + a 1 √ b ∈ F q 2 (for some a 0 , a 1 ∈ F q ) and consider the following intersection of two F q -quadrics:
Note that the affine open subset U := S 4 \ {z = 0} is the Weil restriction to F q of the F q 2 -conic
At the same time, C 2 is isomorphic to the torus T 2 [15, Th. 7].
For p = 2 we can take elements b ∈ F q , a ∈ F q 2 such that Tr Fq/F 2 (b) = Tr F q 2 /F 2 (a) = 1. As is well known, the equation x 2 + x + b (resp. x 2 + x + a) has no roots over F q (resp. F q 2 ). Thus there are no any problems to write out the equations of C 2 and S 4 in even characteristic.
For i ∈ Z/4 we enumerate the lines L i from S 4 ∩ {z = 0} such that P i := L i+1 ∩ L i+2 is a point. Also, let
is the well-defined projection of degree 2 onto the elliptic quadratic surface E [15, §2.4].
Finally, let
Remark 3. The surface S 4 is toric with respect to the torus T 4 ≃ U (see [15, Th. 8] ) and the lines L i (resp. P i ) are unique T 4 -invariant (F q -conjugate) curves (resp. points) on S 4 .
Recall that the surface E is also toric for T 4 .
Lemma 7 ([10, Table 6 ]). We have:
1. The points P i are unique singularities on S 4 (of type A 1 );
2. ϕ min : S ′ 4 → S 4 is the simultaneous blowing up at them;
3. L i are unique lines on S 4 .
The following theorem is an analogue of Theorem 3, hence its statements are proved in a similar way. Unfortunately, we did not find quite exact references.
Theorem 5. We have:
1. S 4 is the unique (up to an F q -isomorphism) toric del Pezzo surface of degree 4 with respect to the torus T 4 ;
2. S 4 is the non-split toric surface associated with the pair (P ol 4 , Φ t 4 );
3. S 4 is the quotient E/σ under an automoprhism σ of E (in particular, σ ∈ PGL(4, F q )), whose fixed point set is P 4 ;
4. S ′ 4 is the blowing up of E at the set P 4 of all (i.e., four F q -conjugate) T 4 -invariant points.
From [15, Th. 14] or one of Statements 5.3, 5.4 it follows that the Picard F q -number of S 4 is equal to 1. Since the Fano index of S 4 is also 1, we get It is well known that besides T 4 the surface E is toric for the torus T 2.c [15, Th. 8] . Let M i be the lines outside T 2.c and R i be their intersection points. The blowing up of E at the F q -point R 0 (or R 2 ) gives the nonsingular del Pezzo surface D 7 , which is also the blowing up of P 2 at a pair Q 2 = {Q 1 , Q 2 } of F q -conjugate points. Thus we have the diagram
where bl P 4 , bl R 0 , bl Q 2 are the corresponding blowing up maps. Besides, let
Also,
and L is the line through Q 1 , Q 2 . Finally, we identify the points P i and ψ(P i 
is the (incomplete) linear system of all (possibly reducible or singular) quartics C ⊂ P 2 passing through P 4 and through Q 2 with multiplicity at least 2. As a result, C contains at most one absolutely irreducible F q -curve (of geometric genus g 1) different from L.
There is almost obvious 1. E ∪ L, where E ⊂ P 2 is an elliptic curve passing through P 4 , Q 2 ;
2. An irreducible quartic for which Q 1 , Q 2 are the unique singularities (namely nodes).
Moreover, in the first case ϕ : D → E is an isomorphism and in the second one ϕ : D → C is the blowing up at Q 2 such that |ϕ −1 (Q j )| = 2.
Lemma 9. Let E ⊂ P 2 be an elliptic F q -curve passing through P 4 , Q 2 and O ∈ E(F q ). Then
is an F q -point of order 2 (with respect to O as the neutral element of the chord-tangent group law on E). Proof. By definition,
This is an F q -point, because Q 1 , Q 2 are F q -conjugate.
A quartic C ∈ L from Remark 4.2 gives a geometric interpretation of the group law on the elliptic curve D. Note that C is similar to a (twisted) Edwards quartic [3] , because both curves have two nodes. The group law on the latter is represented in [1, §4] . An analog for C is defined in the following way.
For points R 1 , R 2 ∈ C \ Q 2 let R 1 R 2 be the eight intersection point of C with the unique conic passing through R 1 , R 2 , P 1 , Q 1 , Q 2 . If R 1 = R 2 (resp. R 1 = P 1 or R 2 = P 1 ), then this conic intersects C at R 1 (resp. P 1 ) with the intersection number at least 2 (3 if R 1 = R 2 = P 1 ). Besides, let R 1 be the third intersection point of C with the unique line passing through Consider the F q 4 -point (x 0 , y 0 ) := (σ • τ • ϕ −1 )(P 2 ) of order 2. For p = 2 it is the only such point, hence it is defined over F q . For p > 3, as is known, y 0 = f (x 0 ) = 0. If x 0 ∈ F q , then all is proved. Otherwise f (x) has exactly two F q -irreducible factors, namely the F q -minimal (quadratic) polynomial of x 0 and x − x 1 for some
Corollary 5. For p = 2 supersingular elliptic curves (i.e., of j-invariant 0) [22, §2.4.3] do not belong to |−K S 4 |.
BCH codes
Let us recall some notions of BCH codes over an arbitrary finite field F q . Let n, d * , b ∈ N, where d * is so-called designed distance. Also, let α be a primitive n-th root of unity and e := [F q (α) : F q ]. BCH q (n, d * , b) is a cyclic code given by the generator polynomial
where m α i is the F q -minimal polynomial of α i . A BCH code is said to be primitive (resp. narrow-sense) if n = q e − 1 (resp. b = 1). The theory of BCH codes is well represented, for example, in [18, §9] .
Theorem 7 ([21, Th. 9.1.a]). For a BCH q (n, d * , b) code we have
The second inequality is called the BCH bound. A BCH q (n, d * , b) code is obtained by the successive puncturing of the split toric code C q e (P 1 , G m , rP 0 + sP ∞ ) (see the notation in [15, §2.1]) at the coordinate set n √ 1 and the restriction to F q (or in another order).
Corollary 7.
A primitive narrow-sense BCH q (q e − 1, d * , 1) code is the restriction to F q of the Reed-Solomon F q e -code of length q e − 1 and dimension q e − d * .
3 Non-split toric codes associated with the polygons of Figure 1 Next we will need the following facts. Table 2 : F q -optimal elliptic curves for small q For i ∈ {3, 4, 6, 8, 9} by C i we will denote the non-split toric F q -code associated with the polygon P ol i from Figure 1 . In other words, C i are anticanonical codes on the non-split toric del Pezzo F q -surfaces from Table 1. In particular, C 9 is equivalent to the so-called projective Reed-Muller code. The code parameters are represented in Table 3 (for a value q satisfying the restriction). The bound on d for the new codes C 3 , C 4 follows from Corollaries 3, 6. Be careful that for very small q (even if the restriction is satisfied) values of the column δ may be incorrect.
For n, i ∈ N let α ∈ F q be an element of order n and m α i be the F q -minimal polynomial of α i . In Table 4 by means of [15, Th. 25] it is written the parity-check polynomials h(x) of code n k d restriction δ reference Table 3 : The non-split toric codes on the polygons of Figure 1 the codes from Table 3 . It is immediately checked that these codes are BCH q (n, d * , b) ones. Finally, the column LCD answers whether a cyclic code is a linear code with complementary dual (or, equivalently, reversible) or not (details see in [24] ). It is filled, looking at h(x), but "yes" also follows from [15, Cor. 3] or [18, Probl. 7.27 ]. As a result, the dual codes to C 4 , C 6 are BCH q (n, 4, n − 1) codes.
· m α · m α q+1 q 2 − 2q − 1 q + 2 0 yes C 9 (x − 1) · m α · m α q+1 · m α q+2 q 2 − 2q − 2 q + 3 2 no Table 4 : The parity-check polynomials (the restrictions as in Table 3) The output of the code [16] written in the language of the CAS Magma motivates us to formulate Conjecture 1. The lower bounds from Table 3 for the minimum distance d of the codes C 3 , C 4 are exact.
The codes C 3 , C 4 for small q are represented in Tables 5, 6. The column LB(d) (lower bound on d for fixed q, n, k) is rewritten from the Brouwer-Grassl tables [12] . Note that C 3 for q = 3 and C 4 for q = 7 (cf. [9] ) have parameters the best known at the moment.
Remark 5. The codes C 3 , C 4 can be naturally generalized, using for any r ∈ N the multiple polygons rP ol 3 , rP ol 4 as well as it is done for C 6 in [15, §2.3]. However, in this case it seems that there are no elegant ways to quite exactly estimate the minimum distance d. 
